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CURVATURE OF QUASI-SYMMETRIC SIEGEL
DOMAINS

R.ZELOW LUNDQUIST

1. Notation, definitions and basic facts

I. Satake has introduced the concept of quasi-symmetric domains. They
occur as fibers in certain fiberings of symmetric domains over their boundary
components, and they are contained in the larger class of spaces called
homogeneous Siegel domains. The homogeneous bounded domains are biho-
lomorphically equivalent to the homogeneous Siegel domains, and the sym-
metric bounded domains are equivalent to those quasi-symmetric domains
that satisfy a certain additional identity, by a theorem of Satake. The
quasi-symmetric domains have some convenient algebraic properties, and
Satake has classified them algebraically. We work out the basic differential
geometric properties of these spaces, such as Bergman metric, Bergman
connection, curvature tensor, and holomorphic (bi)-sectional curvature. We
also give a differential geometric proof of Satake’s symmetry condition, given
that the space is quasi-symmetric. The author is very indebted to his thesis
adviser, Professor S. Kobayashi.

Let D(Q, F) = {(z,u) €C" X C"|Imz — F(u, u) € Q} be a Siegel do-
main (of the second kind), defined by the cone £ in R”, (£ open, convex, not
containing a whole straight line), and the Q-hermitian form F with values in
C"—(F is C-linear in first variable, F(u,, u,)= F(u,, u,) and F(u, u) €
(closure of €) — {0} if u = 0). Identifying C"*™ with C" X C™, and denoting
the affine transformations of C**"™ by Aff(C"*™), we let

Aff(Q, F) = { g € Af(C"*™)|gD(Q, F) = D(Q, F)},
GIQ, F) = Aff(R, F) n Gl(n + m, C).
We also let
G(Q) = {4 € GlI(n,R)|4Q = Q}.
As is well-known [5}], [7], we have
AR, F) = {(4, 4, a, b) € G(R) X GI(m, C) X R" X C™|
AF(v,, v,) = F(dv,, Av,)Vo,, v, € C™),
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630 R. ZELOW LUNDQUIST

with action
(4, A, a, b)(z, u) = (Az + a + 2iF(Au, b) + iF(b, b), Au + b).

The group multiplication in Af(Q, F) is
(1) (4, A, a, b)(B, B, ¢, d) = (4B, AB, a + Ac + 2 Im F(b, Ad), b + Ad),
and (7, 7, 0, 0) is the unit element. One calculates the Lie algebra to be

£ AfA(Q, F){(X, X, a, b) € g(Q) X gl(m, C) X R" X C™|XF(v,, v,)

= F(Xv,, v,) + F(v,, Xv,)V0v,, v, € C"},

where g(f2) is the Lie algebra of G(£). The bracket product is

[(X, X,a,b), (Y, ¥,c,d)]
2) = ([X, Y], [ %, ], Xc — Ya + 41Im F(b, d), Xd — ¥b).
Now Aff(2, F) c Hol(2, F) :== group of holomorphic automorphisms of
D(R, F), and if g(R, F) is the Lie algebra of Hol(®, F), then we have an
anti-isomorphism of g(Q, F) with the Lie algebra of complete holomorphic

vector fields on %) (R, F). The vector field corresponding to Z € g(2, F) has
the value

d
Z(z,u) = 71; ’=0{(exp tZ)(Z’ u)} € T(z,u)GD(Q’ F)

at (z, u), where T, ,, is the real tangent space at (z, u). More precisely, its
value is the vector Z, ,, € I, ,,D(Q, F) such that Z, , =H(Z,, ., — JZ,),
where 9% (Q, F) is the holomorphic tangent bundle and J is the complex
structure. Let now 9, = 9/0z = (3/93z',- - -,3/09z") = (3,1, + - , 9,), and
fora e R" let a- 9, == = a'd,:. Use similar notation for u. Then one calcu-
lates that

X, /\77 a, b);:,u) =a-9, + (2iF(u’ b)-3,+ b- au)
3) +(Xz-8, + Xu-3,).
In general, we have a grading
g2 F)=g,9® 81,298 Dg,Pq,

where g, is the A-eigenspace for ad(z - 3, + su - 9,). We have

B Aﬂ(g, F) = g—-l @ g_l/z @ go,
and a- 9, Eg_,, 2iF(u,b)-38, + b- 9, €g.12 Xz 0, + Xu - 9, € go. From
now on, let & be self-dual with respect to a positive-definite inner product
{, > on R”, in the sense that & = Q* := {+ € R"|{y,»"> > 0¥y’ & closure
Q — {0}} and G(8) acts transitively on £. Then

Fact 1. [8]. G(£) is an open subgroup of a reductive real algebraic group
and the isotropy subgroup K, of G(f2) at any point ¢ €  is a maximal



SYMMETRIC SIEGEL DOMAINS 631

compact subgroup. There exists an element ¢ € @ such that X, = {4 €
G(Q)|A” = A7'}, where the prime is the adjoint with respect to {, »>. The
Cartan involution of g(2) at e is X + -X’, and the Cartan decomposition is
therefore g(2) = £, + p, where

f,={X €g(@)|X' =-X} = {X €g(Q), Xe =0},

p.={X €g@)X" = X}.
We fix the base point ¢ € Q. Observing that g(2) C gi(n, R) consists of
certain endomorphisms of R”, one makes the

Definition 1 [8]. It is easily seen that there is a unique element T, € p,
such that T,e = ¢ for any given ¢ € R”. In particular, T, = idg..

The mapping R" 3 a+— T, €p, is a linear isomorphism, and one sees
easily that under the isomorphism p, - T.(Q2) given by X
d/dt],_o{(exp tX)e}, we have T, > a- 3,, where T () is the tangent space at
e, and y is the standard coordinate on R".

Definition 2 [8]. Let a, ° a, = T, (a,) for a,;, a, € R". It is known [8] that
under this product R” becomes a (commutative) formally real Jordan algebra
with unit e. We also need

) a° Xe= Xa for X €p,.
Infacta o Xe = T, Xe = [T,, X]e + XT,e = Xa,since[T,, X] € f,.

Definition 3 [8]. Given a Siegel domain 9 (R, F), we say that 4 €
al(m, C) is associated to A € g(Q) if
%) AF(v,, v)) = F(Av,, v,) + F(v,, Av,) Yo,, v, € C".

Definition 4 [8]. Extending {, > to a C-bilinear symmetric form on
C" x C", we put, for a € R”,

F (v, vy) = {a, F(v, vy)).

We have that F, is a hermitian form on C”, and that it is positive-definite if
a € Q*, by virtue of the definition of 2*. So if € is self-dual, then F, is a
positive-definite hermitian form on C™.

Definition 5 [8]. If Q is self-dual, for a € R" let R, € gl(m, C) be given by

F (vy, v)) = 2F (vy, R,vy),
ie.,
(@, F(v,, v3)> = 2<e, F(v}, R,0)).

If 3C(F,) are the F,-selfadjoint transformations of C”, -and P (F,) is the set
(cone) of the positive definite subsets of J((F,), then R, € J((F,), and
R, € P(F,)fora € Q.

Remark. Satake uses an F which is conjugate to ours, but this does not
affect the definition of R,.
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We also let R denote the map R* 3 a+— R, € J((F,) and also the C-linear
extension C" > gl(m, C) of this, [8]. The relation (5) can be written, [8],
(6) Ry, = A*R,+ R A fora ER".

From [8] we quote

Fact 2. If (R, F) is a Siegel domain with & self-dual, then the following
conditions are equivalent:

(i) For every a € R”, R, is associated to T,.
(ii) The map R: a = R, of R” into J(F,) satisfies
R, ., =R,R, +R.R,.

ay e aj a; " va,

(iii)) There exists a (unique) Lie algebra homomorphism 8: g()—
gl%m, C) = (X € gl(m, C)|trace X € R} such that
@) B(X) is associated to X,
ie.,

Ry, = B(X)*R, + R,B(X)Va ER",
(8) B(X") = B(X)*.

(iv) The projection map g, = (X, e X e a(f) is surjective.

(g is a term in the decomposition
6@ F)=g_,+ a2+ 6+ gzt e

Now finally we can define the spaces which we want to study.

Definition 6 [8]. A Siegel domain D (8, F) with self-dual € is said to be
quasi-symmetric if the equivalent conditions in Fact 2 are satisfied.

A quasi-symmetric domain is homogeneous, since £ and therefore also
(R, F) are homogeneous [5].

To have the situation as simply as possible, we have the

Definition 7. A cone 2 c R” is said to be decomposable if there exist
nonzero linear subspaces U,, U, of R”, and cones , C U, ©, C U, such that
R" = U; ® U, and Q = Q; X §,. If no such decomposition exists, the cone is
said to be indecomposable.

Similarly we have

Definition 8. A complex manifold biholomorphic to a homogeneous
bounded domain is said to be decomposable if it is biholomorphic to the
product of two nontrivial homogeneous bounded domains. If no such decom-
position exists, the manifold is said to be indecomposable.

It has been shown [2) that any homogeneous bounded domain is biholo-
morphic to the product of indecomposable homogeneous bounded domains,
and also that a homogeneous Siegel domain % (8, F) is indecomposable if
and only if £ is indecomposable. (See also [10].)
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Because of the above, we restrict attention to (homogeneous) Siegel do-
mains D (2, F) with a self-dual and indecomposable cone { satisfying the
condition of quasi-symmetry.

Up to isomorphism the self-dual indecomposable cones can be described as
follows [10], [11].

I. Let F =R, C, H, the sets of real numbers, complex numbers, and
quaternions respectively, and for each integer m > 1, let

I.(F) = (X € M, (F)|X* = X},

where M, (F) is the set of m X m matrices with coefficients in F, and
X* = X’ is the conjugate transpose, using the standard conjugation on F.
Then the set &,,(F) = {X € I(,(F)|X positive-definite} is an indecompos-
able cone which is self-dual with respect to the inner product

(X, Y)> = trace(XY)

on the real vector space 3, (F). We call these cones classical cones. The set
A, (F) of upper triangular matrices in M, (F) with real positive diagonal
entries acts simply transitively on ?,, (F) by

(£, X) > tXt* for X € 9,(F)and t € A, (F).

II. For n > 3 we define the quadratic form @, on R" by

On(x) = xpxy = x3— -+ - —x].
We put S, = {x €R"|Q,(x) > 0, x, > 0}. Then S, is an indecomposable
cone which is self-dual with respect to the ordinary inner product on R*. We
call these cones spherical cones. The connected component of the identity of
the group of similitudes of Q, acts transitively on S,. (We modify the inner
product slightly in §2.)

III. There is also an exceptional cone %P, (Cayley) which we exclude here,
since Satake has proved that a quasi-symmetric domain with this cone must
be the tube domain defined by it, and we are mainly interested in Siegel
domains of the second kind. (Reason for the exclusion is simply that this case,
being symmetric, is already well understood.) So we agree to forget about this
cone in all statements belows.

The key fact we need in order to establish a connection between the
differential geometry of 0 (R, F) and Satake’s algebraic description is

Fact 3 [5]. Let %(R, F) be a homogeneous Siegel domain. The Bergman
kernel function is of the form ¥ = A o ®, where A is a positive function on £,
and & is the map

D(z, u) = Im z — F(u, u)
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of 9 (Q, F) onto . Moreover, if (4, A) € GI(Q, F), then
A(Ax) = |det 4] Fdet A|A(x)
for x € Q.
Observe that the Bergman metric is defined, since 0 (Q, F) is biholomor-
phic to a bounded domain, [5], and hence we can transfer the metric from
that domain just as in the case of the upper half-plane.

2. The Bergman metric
We need some lemmas. Recall (§1) that A,(F) denotes the group of upper
triangular matrices in M, (F) with positive entries on the diagonal, where
F=R, C, H The 1mage of A €A (F') under the mapping A,(F) - G(?? (F))
is denoted here by A. We have AY AYA* for Y € @ (F) Now A E
GI(IC ,(F)), and ‘JC (F) is a real vector space of dimension d =5 ip(p + 1), p%
2p2 — pforF = R C, H respectively.

If
ay *
A= - ,
0 a,
letdet A = a, - - - g, also in the quaternionic case. We have

Lemma 1. det A —(detA)E for A € A(F), where e =p + 1, 2p, 4p — 2
for F = R, C, H respectively.

Proof. If there is such an ¢, we find it by r.eplacing A by s4 with s > 0.
Then (sA) = 5?4, and det 524 = s det A = s(det A):. On the other hand,
(det sA) = (s? det A)° = sP%(det A)°. Soe = 2d/p.

We have only to prove that det 4 = 1 = det A=1 Using the Lie algebra,
we have to show that if

X = . € £4A,(F)

0 a,

has trace zero, then so has the endomorphism
Y- XY + YX*
of f}Cp (F). Using a standard basis for f}Cp(F), we see that this is an elementary
computation, which is omitted here. q.e.d.
We use z = x + iy as (part of) coordinates on (%, F). In order not to
have any confusion, we use a different name ¢ for coordinates on £ C R”.
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Also observe that we can take e = id € ¥, (F) as the base point satisfying the
c¢onditions in §1 with respect to the metric introduced in that section.

Lemma 2. There is a C* solution A(t) € G(Gf’ (F)) of the equation t = A-
e for t near e = id € @ (F), satisfying the condmon (det A(t))2 is a homoge-
neous polynomial of some degree [ in t € R®. (The basis for X,F) ~ RY is
inessential.)

Proof. Consider first the cases F =R, C. By §1, there is 4 € A (F) for
given t € &, (F) such that 1 = 44* = A-e. By Lemma 1 we have (det 1 =
(det 4 - detA*)" = (det 4)* = (det A)?, since 4 is triangular and has real
diagonal entries. The degree of the homogeneous polynomial (det £)° is p,.
Since (§1) A,(F) is simply transitive on &, (F), the rest is clear.

A similar computation works in the quaternionic case. Here we have to use
Dieudonné’s theory of noncommutative determinants, as can be found in {1,
Chapter IV]. The determinants now take values in the semigroup obtained by
adding O to the abelian group H*/{H*, H*], where H* is the multiplicative
group of nonzero quaternions, and [H*, H*} is the commutator subgroup. The
computation of a determinant in this semigroup is formally the same as in the
ordinary case, and we can proceed as before. gq.e.d.

We need these lemmas also for the spherical cone S,,. Since the proofs are
analogous to the above ones, we sketch them.

First we write t = (¢, 5, - - - , t,) as a symmetric “matrix”:
ot
t=|1 ,
t
where t = (t3* - - » t,) € R""% The form Q(?) is like a determinant:
o) =tt,— B—--- 2=, - *=:dett.

We let A= {(3 ,‘E)la >0, b> 0,5 € R*?) be the upper triangular group
(with positive diagonal elements), with usual group operations:

(a 6)(c \Tf) _ (ac aw +d6) (a 6)"‘ - (a" —-a lb"")_

0 »J/\O 4 0 bd J\0 b 0 b1

If f € R""2and r € R, then A acts to the left on (’. )-vectors and (})-vectors by
EHE) = ™) and (¢ () = (* +"’) Similarly the lower triangular group A’

acts to the right on (, r)- and (r, )-vectors, and one checks that products of
the form

(a 5) f t'(a 0)= a’ty + 2ab -f + 4,52 abi +bty6
0 b/ 7/ y\o b abi + bty b,
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are well-defined elements of S, for (4 ;) € S, with determinant a%°Q(7) > 0
and positive diagonal elements. (Enough to see that b%, > 0.)
In this way we have a homomorphism

h:AS A4 €G(S),

as A -t = AtA’. Then A is transitive on S,, for the element

P (\/Q(t) ;)
\/?; 0 t,

sendse = (3$) € S, to ¢.
The stability group is trivial, and we note that

¢))] (det 4)* = Q(¢) = det 1.
Furthermore, we have
() det A = (det 4)".

To see that we replace 4 by s4 with s > 0, as before. Then det(s4) =
det(s?’4) = s det A, and on the other hand (detsd)” = (s> det 4)" =
s*"(det A)". So we have only to check that det4 =1 if detd = 1. We
compute that the Lie algebra of {4 € Aldet 4 = 1} is {(Z %)} with bracket

(6 e =6 *76™)

- L J “\j
a ©)_ f_(a v)
ex‘”(o —a) b \o —a/

j=0

and that

Doing the same for A’ and differentiating the equation

How(s ) o=looos O)Moeels )

with respect to s, we find

a 7). a © +t(a 0).
h(O —a) “_)(0 —a)t 6 -a

Putting L = A(§ _ﬁ) and using the basis

0 e
{1 O {0 O = 7 R S
“=(g 0)’ “ (0 1)’ g (e- 0)’ J=3en

J
for the space of symmetric “matrices” {(% f;)}, where {¢;} is the standard
basis for R 2 = {(t;,- - -, )}, we find Lu, = 2au,, Lu, = -2au, +
Zlas 0¥, L, = 2¢u,, j =3,- - -, n, and hence trace L = 0. So we get the
lemmas as before:
Lemmal. detd =(detd) for A =G A=A,
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Lemma 2'. There is a C* solution /f(t) € G(S,) of the equation t = A-e
for t near e =@ 9=, 1,0,---,0) €S, satisfving the condition:
(det 4 (1))? is @ homogeneous polynomial ((det t)") of degree I(= 2n) int € R”".

Now by Fact 1 we have g(Q) = Dg(Q) & £a(R), where Dg = [q, g], and
Zg is the center of g and £ = @, (F) or S,. We have dim Zg = 1 since  is
indecomposable, (see [9]), and we let Z, be a generator for £g. Then any
element X € g(2) can be written X = Y + ¢Z, with ¥ € g and ¢ €R,
and hence trace X = ¢ trace Z, This implies det exp X = exp trace X =
exp ¢ trace Z,. We cannot have trace Z, = 0, since then the determinant of
any element in G(Q)°, the identity component of G(R), would be 1, in
contradiction to Lemmas 1 and 1'.

Consider now the homomorphism 8: g(®) — a/°(m, C) C g/(m, C) given in
Fact 2. We have BX = BY + ¢BZ, for the above X, and here BY €
% gl(m, C). Therefore trace BX = ¢ trace 8Z,, which gives

trace BZ,/trace Z,

det B8 exp X = (exp c trace Z,)
= (detexp X)" forall X € g(Q),

where r = trace BZ,/trace Z,, by observng that 8 extends to a group homo-
morphism G(Q)° — GI(m, C), [8], [9]. We thus have

Lemma 3. det B4 = (det A Y for any Ae G(Q)°, the identity component of
G(Q), where r € R is independent of A.

Here (A4, ,B/i) € GI(Q, F). (We still write A in order not to confuse with
elements of 4,(F) or A.)

Using Lemmas 2 and 2’ and the notation there, and combining with
Lemma 3, we have

Lemmad. (det 8A4(1))? is a homogeneous function of degree Ir in t.

We now turn to the Bergman metric of a quasi-symmetric Siegel domain

D(Q, F) with @ C R” as above. Putting Z"** :== u*, k = 1,- - - , m for the
moment, where F: C” X C”" —» C", we have
n+m azlog SC o n+m o
ds’ = dshepn =2 % ———— dZ'd¥ =12 3, gpd:’d¥,
ij=1 0z'0Z ij=1

where K = A o @ is as described in Fact 3, and so A(¢) = H(it, 0) > 0. (We
also write {, ), for this metrical product at the point p later on.) By Fact 3
and Lemma 3 we have for 4 € G(Q)° that

AA 1) = |det 4[2|det BA|2A(r) = |det A|20+PA(1).
Hence w(Ar) = |det A|"w(z), where w :== AV®*2) andsow dt' A - - - Adt”
is a G(2)%invariant volume form on . (We cannot have 1+ r = 0, since

then A and hence K would be constant. But K cannot be constant since
) (R, F) is (equivalent to) a bounded domain.)
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The following is clear.
Lemma 5. For the G(Q)°-invariant Riemannian metric

n

92 log w

ij=1 ariar
we have ds3 = ds‘fpm)lm, where dskyg, is the Bergman metric on the tube domain
D) = R" + iQ.

With obvious indexing, slightly different from the above, and using the
summation convention, we get from log { = (logA) e ® and ¥ = ®/(z, u) =
Im z/ — Flzu°u® that

2 2 i j 284/
d log—‘}(, _9 1.°g.>‘(<l>)- 8<I>a. 8?’ + BlogA(Q). d ¢I>: '
duduf arfar ou* ik v/ dudi®
Now 39/ /du® = —F’ zuf and 3°®/ /9u*3u? = —F/ 3, so at o = (ie, 0), which
we choose as base point in (£, F),

ds3 = dt' d/ on Q,

. 0 log
= _FJ_
(3) 8apo Fip Y,

Similarly we have 32 log I /9z/34? = 0 at o, since 3%/ /3i? = —-F/zu* and
9%®//3z°3uP = 0. So

(e); a,B=1,---,m.

(4) 8z =0, i=1---,mB=1---,m
Further
13%logA
5 ..—=—-———-.—-—-—.-—o¢
) 8 7 2 Torior

since 39 /3z' = -3 V_T 8F, where &% is the Kronecker symbol. This gives ,
at any point of (R, F),

(6) 2(8,,9,) =2Img;=0.

Definition 1. For any point p € D(Q, f), we let V, C T,D(Q, F) denote
the vertical space at p, i.e., the tangent space to the fiber of ®: D (R, F) — Q
through p. Similarly we let f}Cp c 7;,69(9, F) denote the horizontal space at p,
i.e., the orthogonal complement to V, with respect to ds?.

Looking at ¥/ = ®/(z, ) = y/ — F/(u, u) and using (4), (5), (6), we get

Lemma 6. V, ={a-0,})® {b-93, + b-3;} and ¥, = {a-d,}, where ®
is the orthogonal sum and a € R", b € C™.

Letting 7: AfA(Q, F) — G(§) be the homomorphism (4, A, a, b) - A, we
easily have

Lemma 7. The mapping ®: D(Q, F) — Q is m-equivariant, i.e., ®(gp) =
7(g)P(p) for g € Aff(Q, F) and p € D (R, F).
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Therefore the distributions {J(,},ca, r, and {V,},caxq, r are AMAL, F)-
invariant, and we have

Lemma 8. %, , = {a-98,} + {b-9, + F(b,u)- 3, + conj} and K, =
{a-9,}, where a €R", b € C™. Also the summands in V' are orthogonal if
u=0.

Proof. Assume first that (z, u) = (it, 0), and choose g = (xf, A~) €
GI(Q, F) such that At = e. Then g: (z, u) H(/‘iz ,Zu) whence (summation
convention) 8,0, = A 0,75 840ye = A&,auﬂ, org,(a-0,)= (Aa) 9,,84(b-3,)

= (Ab) - 3,. Since g(tt 0) = 0, we see V0 ={a-3,}B (b-93, + b- 9z}
and 3 = {a- 3,), by Lemma 6.

Now let (zq, ug) be any point, and observe that

g(20, uo) = (i®(zo, o), 0),
where now g = (I, I, -Re z,, —uy) € Aff(Q2, F), and that
g(z, ) = (z — Re zy — 2iF(u, ug) + iF(uy, uy), u — ).
Then g, (a-9,) = a- 9, and g,(b-9,) = -2iF(b,uy) - 3, + b- 9,, and hence
also g (b- 9, + F(b, up) - 9,) = —iF(b, ug) - 9, + b- 9,. The rest then follows

from the first part. g.e.d.
Since ®,(a-9,) = a- 9,, and
_103%logA
<8 0 y,> =2Reg; = 3 Tariar

by (5), and since w = A/@*2) Lemmas 5 and 8 give
Corollary 1. With r as in Lemma 3, we have

(1 + r)ds3(®, Y, 9,Y) = ds3or (Y, Y)

° ®(p)

Jorany Y € X, ,, and so the mapping

®: D(Q, F) -«

Z,u)?

is @ Riemannian submersion [6] when we give Q the metric (1 + r)ds3.

Remark. Weseethat1 + r > 0.

We now have to connect the metric with the algebra in [8]. First we shall
identify the inner product in J(, with the given inner product {, > on R”. By
Corollary 1 this means that we must identify go . with {, >. As in Lemmas 2
and 2, we write 1 = A(f) - e = A(t)eA()* for t near e € Q, where /i(t) comes
from an element A() € A (F) or 4, according as € is classical or spherical.
For

3logw ,; .,
ds2= —=—dt*dv
6= 2 3ty
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we have w(?) = w(A(?) - €) = (det A(1)) w(e) = (det A(2))w(e), by Lemmas
1 and 1'. We saw further in the proofs of Lemmas 2 and 2’ that dets =
(det 4)?, and therefore

log w(t) = —% log det ¢ + log w(e).

Thus
1 ddetr ddett 1  9%det: -
ds? = = - — - — — c— b dt' dt.
222 { (detry* ' 3¢ dettr gy }
Since det e = 1, we see
2
dsée=£2{ade.tt.adeg_a dets | i
o’ ot ot‘at’ |,

Consider first the classical cones #,(F), and change the indexing so that for
instance for ¥,(C) we have

/ ( Iy ty + itilz\)
tp — it 159

Then det ¢ = ¢#,,4,, — (1’12)2 ~ (#,)% and one verifies that
<a’u’ a’u >Qe <a’n a’n>9e 0, <a’n’ a"f2>$l,e =0,

<a’n’ a‘n >$l,e =0, <a"|2’ a"n >Q,e = 2’ <a"12’ a”l’z >9,e =0
etc., except for the factor £ /2. This works in the other cases too, and we have
(except for ¢/2): The a s are orthogonal to each other, those on the diagonal
have length 1, the others have length V2 . On the other hand, if

1 0 0 0 , {0 1 ., ;
E”=(0 0)’ Exn= (0 1)’ E'2=(1 0)’ 12:(_(:‘ (;)

form a (real) basis for JG(C), then (E,, E,) = trace(E}) = 1, and
<Ew Ef2> =0, <Ena Ej5) =0, <E11’ E22> 0, <E12, E) =2, <E1/2? El”2>
= 0, etc., and again this holds in general. So we have

() (@)" 8, @y 30g, = 5<an &)

for a,, a, € R" (= space in which & lies).

Consider then the spherical cone S,. As quoted in §1, the reference [10]
uses the ordinary inner product on R” for this cone. Since we treat S, as a set
of symmetric “matrices”, we change the product slightly: If

X X y
X=(~l ) Y=(y_1 y)eR",
X X2 y y2

Xy + Xy X ¥ +y,X )
VX +x,7 Xp Y, + XY

then

xr =
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1s well-defined, and has “trace” x;y, + x,y, + 2X-7. So we define
(X, Y) = trace(XY), as in the case of @P(F). It is easy to verify that S, is
self-dual with respect to this { , > and thate = (} H"=(1,1,0---,00ER"
satisfies the condition in Fact 1. Then the calculation goes just as before, and
again we have (7), (with & = n). Since ®,(a- d,) = a- 9,, using Corollary 1 we
get '

Lemma9. Fora, -39, a,- 9, € I, we have

{ay- 8y, ay- 9,05 = CLay, ay),

where C =3(1 + r)e, and {, ) is the inner product given on R", where Q lies.

Next we want to determine g,z, = <9,=, 335 )¢, since by (4), (5) and (6) we
then know the metric. By (3) we have to calculate the gradient of log A at e.
Using Fact 3 and Lemmas 2, 2’ and 4, we have, for ¢ near e,

A(2) = (det 4(2))*(det B4 (1)) N(e),
with (det A(2))? and (det BA(r))* homogeneous functions in ¢ of degrees / and
Ir respectively. Using Euler’s lemma on homogeneous functions and summa-
tion convention, from

log A(¢) = -log(det A (t))2 — log(det B4 (t))2 + log A(e)
we get that
a log A : - -2 v 2
2l =~ {(det A (1) 1 (det A(9))
or
+ (det BA (1)) - Ir- (det BA (1))’} = ~I(1 + 7).
Differentiation once more gives

2
a9 log}\.tj_*_alog 0.

ot ot
By (3) we then get, with summation convention,
;. 9%logA
8 s = Fi-.— 9
( ) gaBO afl atiar .
By (5) we have also
13%log A
@58,0,=2Regp=7 o |e
and so
—_— . .=3 0%logA : ; :
<by- By byr 3, 3o = Fop bt bF —az—(:T +¢/ = 2F(by, b)<3,, 950’

= 2(F(by, by) - 3, e+ 3D
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By Lemma 9 this equals 2C{F(b), b,), e> = 2C{e, F(b,, b,)>. In the notation
of Definition 4 of §1 we thus have
Lemma 10. For the vectors b, - 3, + conj, b, - 3, + conj € YV, we have

{by- 8, by- 9, > = 2C<e, F(by, by)y = 2CF,(b,, b,),
where C = 3(1 + r)e.

This completes the determination of the metric, since our space D (2, F) is
homogeneous.

3. The Bergman connection

In this section we calculate the Riemannian' connection induced by the
Bergman metric (the Bergman connection) on the quasi-symmetric domain
D (R, F). Since D (R, F) is affinely homogeneous, and the metric is invariant
under Aff(Q, F) (and under Hol(R, F) too, of course), we will use the
terminology of [4], to which we refer for general details.

We have

Lemma 1. The stability subgroup of Aff(2, F) at o = (ie, 0) is

{(4, 4, 0,0) € A, F)|de = e} c GI(Q, F),
where e is the base point of Q.

Proof. Trivial.

However, it is a little bit inconvenient to work with Aff(2, F) since the
element A is not uniquely determined by A. (We still have the freedom of the
“unitary group of F”.) But since %D (Q, F) is quasi-symmetric, we have the
homomorphism B8: G(Q)° — Gi(m, C) such that (4, B4) € G, F) for 4 €
G(2)°, where G(2)° is the identity component of G(£2). We can then consider
the connected subgroup

(1) G = {(4,p4,a,b)l4 € G(Q)°,a €R", b € C"}

of Aff(2, F). (See (1) of §1 for group operations.) We also write (4, a, b) for
the element (4, BA, a, b).

Lemma 2. G is transitive on D (R, F).

Proof. This follows from the fact that since G(f2) is transitive on £, so is
G(2)°, and from the fact that the subgroup {(a, b} ={{,a,b)} of G is
transitive on ®-fibers. Recall that ® is #-equivariant, where #: G 2 (4, a, b)
A€ G

Lemma 3. The stability subgroup of G at o = (ie, Q) is the group

K = {(4,0,0)|4e = ¢} C G N GUS, F).
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Proof. See Lemma l. q.e.d.

Writing K, = {4 € G(R)°|4e = e} for the stability subgroup of G(Q)° at e,
t, for its Lie algebra and f for the Lie algebra of K, from the above we have
(2) t={(X,0,0)Xx €t,} =,

Now let g(2) = £, + p, be the Cartan decomposition of g(f2) at e, as in
Fact 1, §1, and let
3) m= {(X,a,b)|X €Ep,,a ER", b EC"}.

Then letting g be the Lie algebra of G we have, in the terminology of [4],

Lemma 4. (R, F) = G/ K is a reductive homogeneous space with respect

to the decomposition
g=f+m

Proof. Thatt n m = {0} is clear. Since
[t.m] c {([X,Y],a,b)|X €F,,Y €Ep,,a ER", b EC"}
c{(Z,a,b)|Z €p,acR,bEC"} =m,

the rest is clear. (Use the homotopy sequence for G — G/ K together with the
fact that (8, F) is simply connected, to see that K is connected, and then
we only need Jf, m] Cc m.) q.e.d.

By [4] the Bergman connection, being G-invariant, can be expressed by a
certain linear mapping A, m — g/(Zn + 2m, R), where 2n + 2m is the real
dimension 9 (Q, F). . ‘

Now choose u, in the linear frame bundle of % (2, F), over the point o.

As in [4], it is more convenient to make the identifications

m = To(D(Q, F)) = R¥#*2m;
the first “by exp”, i.c., by value of induced field at o, and the second by u,.

Then A, (X): m—m is a linear map, and we write both A_(X)Y and
A (X, Y) forits action on Y. Then using these identifications we have

4) VeX =A(X,Y) forX,Y €m,
where again X is the field induced on D(Q, F) by X € m.

Now the metric gives us a symmetric bilinear form on m, as
KX, Y) = (X, Y ), using the identification. There is then in [4] the follow-
ing formula for the connection A induced by the metric.

(5) A(X, ¥) = %[x, Y] +UX,Y) forX,Y €m,
where U: m X m — m is the symmetric, bilinear mapping defined by
(6) WUX, Y), Z) = <X, [Z,Y],) +<[Z.X],. V>

for X, Y, Z € m, where [ X, Y],, means the m-component of [ X, Y], etc.
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When we apply this to our special case, we again have to write (X, a, b)
instead of X, of course. Specifically, we have first (see §1)

[(X,a,b),(Y,c,d)]_

D _ (0, Xc - Ya + 41m F(b, ), B(X)d — B(Y)B) forX, Y €,
since [p,, p.} C £.(C a(2)). Further, by (3) of §1 we get
(8) (X,a,b)o=Xe- 9, +a-9, +(b-9, + b5-3;).

We then calculate, for (X, a, ), (Y, ¢, d), (Z,f, h) Em,
(Z £, ), (X, 3, B)], (Y, ¢, d)
={{Za—- Xf+4ImF(h,b)}-3,,c- 3,

+ (<{ B(Z)b — B(X)h}-3,,d -3z + conj),
where we have used the orthogonality properties in §2, Lemma 8, and also the
fact that since the metric is hermitian, {d, - 9,, d,- 9,) = 0, etc. We get then,
by interchanging (X, a, b) and (Y, ¢, d), and adding

QU(X, a,blY,c,d),(Z, f, h))
={{Za—- Xf+4Im F(h,b)}-9,,c- 3.
+{{Zc— Yf+4Im F(h,d)}- 93, a- 3.

+ (K{B(Z)b — B(X)h) - 8,,d-9;D0 + conj)

+ ({B(Z)d ~ B(Y)h} - 8, 5-3;5 = conj).
It is more convenient now to look at cases. Then (9) tells us:
L QU(X,0,01Y,0,0),(Z, f, h)) =0.
By definiteness of {, >, we get
U(X,0,0Y,0,0)=0.
IL QU(X,0,00,c,0),(Z,f,h)) = —Xf- 0, ¢+ 3,

By Lemma 8 of §2 and (8) we can then write U(X, 0, 0|0, ¢, 0) = A(X|c) - 9,
with

)

A(X|c): 3y, f 0,00 = —%<Xf- 0pr € 0,00 = —%—(Xﬂ 3,, ¢ 8,0

where the last equality follows from the fact that {, > is a hermitian metric.
This is further equal to —3 C{Xf, ¢> by §2. Now X € p,, and by Fact 1 of §1,
X is symmetric with respect to the product {, > on R”. So —%C(X f, ¢y =~
3 C{f, Xc», and by Lemma 9 of §2, this finally gives us {4(X|c) - 3,, f- 3,
= ~2{Xc " 3, f- 3, Hence

U(X, 0,00, ¢, 0) = ~3 Xc- 3, = (0, -3 Xc, 0).
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Proceeding similarly in the other cases, using the information in §§1 and 2
about o, p,, T: R"Sp,, R: R" > IH(F), B: a(@ — g/%m, C), and the
Bergman metric, we easily find:

111. U(X, 0, 00, 0, ),

= -3B(X)d- 3, — 3 B(X)d- 3; = (0, 0, ~3 B(X)d).

IV.U(@0,4a,0[0,¢,0) = (a°c)-8, =(T,,0,0).

V. U(0, a, 00, d) = iR,d- 3, + conj = (0, 0, iR,d).

V1. U(0, 0, 50, 0, d) = 2 Re F(b, d) - 3, = (T, ge ppay 0> 0)-
Using I,- - -, VI we express all terms in the expansion of
A(X, a, bX(Y, ¢, d) arising from the symmetric mapping U, put these terms
and (7) into formula (5), and obtain

Proposition 1.  With respect to the decomposition g =t + m in Lemma 4 for
the indecomposable, quasi-symmetric domain D (Q, F) = G/ K, the Bergman
connection is given by

A(X, a,b)(Y,c, d)
= (T4, cr2re oy — Ya + 21Im F(b, d), -B(Y)b + V1 (R,d + R.b)).

a

In order to simplify the appearance and handling of this formula, we
introduce “a more complex notation”. For already the component b in
(X, a, b) stand for (at o) the vector b- 9, + b- 0z, while X stands for Xe- 9,
and q stands for @ - 3,. Since p, D X = Xe € Ty(D(Q, F)) is a linear isomor-
phism, we can write Xe instead of X, and further, we write a = &’ + ia” for
a-a, +_a” -9, =a-9, +a- 9;at o, with a’, a” € R", just as we write 5 for
b- 3, + b- 9; at 0. Denoting by m,. the space C" X C”, we have therefore an
isomorphism

me>(a,b)>a-d, + a-d;+b-3, + b-3; ET,(D(R, F))

of complex vector spaces, where of course the complex structure on 7} is “the
one given by the manifold”. With the isomorphism m 3 (X, &/, b)) > (a’ +
iXe, b) € m. with inverse (@' + ia”, b) - (T,., a@’, b), the identifications be-
tween m, mc and To(D(, F)) are compatible.

When we talk about the field generated on (R, F) by (a, b) € mc, we
mean of course, as before, the field generated by (7., @', b), which agrees
with the field a- 3, + @- 3, + b- 3, + b - §; only at the origin o, in general.
For simplicity we continue to write A . Then we translate

A(a + ia”, b)(c’ + ic”, d)
= AT, a, bXT,., c, d)
= i(a’ ° (¢’ + ic") + 2F(d, b), R,d + R_.b).
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Here we have used the definition of 7, the fact that Im F(b,d) = -
Im F(d, b), the commutativity of °, and we have extended o bilinearly to a
product ° : C* X C" = C". We have also used
(10) B(T,) = R, fora € R",
which follows easily from Fact 2 of §1.

We then have the following reformulation of A,

Proposition 1. With respect to the decomposition g =t + m in Lemma 4
Jor the indecomposable quasi-symmetric domain %9 (R, F) = G /K, the Bergman
connection is given by A, : mg X me — mg as follows:

A (a, b)(c,d) =V =1 (a’ o ¢ + 2F(d, b), R, d + R.b),

where a,c € C",b,d € C"and a’ = Re a.

We also want to obtain an explicit expression for the covariant derivative
v.

Proposition 2.  For the indecomposable quasi-symmetric domain D (S, F) the
Bergman connection is given by

V(C.az_,_d.au)o(a - 32 -+ b' 3,,) =V —1 {(0 ° C)‘ Bz + (Rad + Rcb) . 8,,}
€ Jo(D (R, F)),

where a, c € C*; b, d € C™; § is the holomorphic tangent bundie.

Proof. Use the ordinary and Kihlerian properties of V, and observe ((3)
of §1) that (a, b) = (T,., @', b) represents the field
(a, b)Yy = {@’ - 3, + 2iF(u,b)- 9, + b- 93, + T,.z- 3, + R,.u-9d,} + conj
(see also (10)). Then the result follows by combining (4) with Proposition 1’

Example. The formula in Proposition 2 generalizes the expression for the
Poincaré-Bergman connection on the upper half-plane JC. For here the cone
is2={r Rt >0} withe =1,and G) = {4 € R|4 > 0} with g() =R
=p,, since K, = {1}. For a €R we have T, = q, since a = T,e=T,1
=a- 1 Thus a° ¢ = T, = ac is ordinary multiplication, and hence V4,3,
=V-1 9,, which is the correct expression.

In case 9 (Q, F) is symmetric, we can derive a relation between A, and the
symmetry ¢ of g(Q, F), the Lie algebra of Hol(D(%, F)). Let 3 be the
stability subgroup of Hol(D(RQ, F)) at o, and g(Q, F) =15 + b the Cartan
decomposition at o. It is clear that we have
1—o¢

2
since any vector X € m decomposes as X =3(1 + o)X + (1 — o)X €bh +
p, and vectors in h do not give any tangent vectors at o. Since we have to
obtain a/l tangent vectors, (11) must hold. This also follows from [8], where it

(11) p= m,



SYMMETRIC SIEGEL DOMAINS 647

is stated that in the decomposition g(§2, F) =g, + 6_13 + o+ 612 + 6, In
§1, the involution o reverses gradation, i.e., a(g,) = g_,- So if Z € p, then
withZ_, €g¢_,,v=0,1/2,1,and 6Z, = -Z,wecanwritt Z=Z_, + Z_, ,
+2Zy—0Z ,,—0Z Bt Z  +Z,,+ZsEmand Z=(Z_,+ 2,
+ 2y —o(Z,+ Z,,+ Z;). Wenow have

Proposition 3. .If the indecomposable quasi-symmetric domain D(Q, F) is

symmeltric, then the above A satisfies
1~0¢ 1+o
2 2
where o is the involution on the Lie algebra of Hol(D(R, F)).

Proof. LetX, Y €m, and X = (1 — 0)X, Y = ¥(1 ~ 6)Y € p. Then
A(X)Y =V, X. We can also express V by a A, with respect to the
decomposition g({, F) = h + p, but this A, is zero in the symmetric case.
(The Bergman metric induces the canonical connection on a symmetric space,
[4], and this is given by A, = 0.) So

0=(A(X)Y), =Vy X =V, X =V Y +[ ¥, X] =V, Y+[V, X]
=Vy X +[X, Y], +[ ¥, X], = (A(X)Y), +[X — X, Y],

A(X,Y) .—.[ X, Lg_" Y] for X, Y €m,

= (AWX)Y), + [ l—“-zf—"x, YL,

where the brackets are field brackets. Now the mapping g — {vector fields} is
an antihomomorphism, and so
l+o
(A X)Y), = [ 32x, Y] :
0
where the bracket now is an algebra bracket. Since these tangent vectors are
equal, so are the p-components of the indicated algebra elements, i.e.,

l1—0o 1—6[1+4+0 I+o 1-0¢
TA’“(X’Y)_v 3 [T—X,Y]—[———Z——X,—Z—Y].

4. Curvature
In [4] there is the following formula for the Riemannian curvature:

R(X, Y)o =[Ax(X), An(Y)] = A([ X, Y],) ~ A([X, Y]
as a mapping from m to m, where X, Y € m and A is, in this section, the
linear isotropy representation (and [, ], and [, }; mean m- and f-components
of brackets, of course). One checks easily that via the identification m =
T,(°D(, F)), the linear isotropy representation is 4 > (ad 4)|,, for 4 =
(4, 0, 0) € K. We use our m instead, and recall the identification m = m of
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§3: m 3 (X,d, b)) (d + iXe, b) € m with inverse (a’ + ia”, b) >
(T,., a’, b). Now we calculate the three terms separately in the curvature
expression:

R(a, blc, d)(f, h) =[An(a, b), Ay(c, d)](f, k)
—Anl[(a, B), (¢, )] IS B) = M[(a, b), (¢, d)])(f, h),
where a, ¢, f € C", b, d, h € C™. First we get |
[(a, 8), (¢, d)],. =[(Te, @, b), (T, ¢, d) ],
= (T,c’ — T,.a + 4 Im F(b, d), R,.d = R..b),
and similarly
2 [(a, b), (c, d)], = ([ T, T.],0, 0).
By a straightforward calculation, we now find
[An(a, b), Ay(c, d)](f: k)
(3) = ([ T, T,)f+2F(h,R.b — R,d) + 2F(be, d) - 2F(Rd, b),
[R.. Ry]h — RR.b + RR,d + Rypppyd — Rypnayb)-
~Au([(@ B), (e, ) ]w (S, B)
= —i((a" o) e f=(c"oa) o f
4) +f o Im F(b, d) + 2F(h, R,»d — R..b),
Ry . omer o avatm oyt + R{Rd — Rc"b))'

(5) —A([(a, b), (c, d)][)(f, h) = - ([ T,, T.lf, [R.s Rc,,]h).
Using f o F(b, d) = F(R:b,d) + F(b, Rd) in (4), and then putting (3), (4)
and (5) together, we obtain

Proposition 1. For the indecomposable quasi-symmetric domain D (Q, F) we
have the curvature expression

Ry(a, ble, d)(f, ) = (- ([ T,» T,] +[To» T ))f
~i(a" e ¢’ — a oc") o f + 2F(d, Rb)
-2F(b, Rid) + 2F(h, R:b — R;d),
~([Ry» R.] +[ Ry R
iRy . gt ol = PRy tm poay? + Roponsyd

~Roptnayp = R{R:b — Ryd)) € me,

where (a, b) E mg = C* X C" witha’ = Re a,a” = Im a, etc.
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Also for the curvature do we want to obtain a more direct expression, in
terms of 9,, 9,, etc. The calculation here is quite straightforward, but some-
what lengthy. The main point is to use

(a,b)g=a -8, +a” -3, +b-9, + b-3;=a-9d,+ b-d, + conj,
and the Kahler conditions on the curvature, namely: Only
R(a-3, +b-9,)c-0, +d-9,)and R(a-0, + b-9d,jc-0, +d-9,)
can be different from zero, and each sends (1.0)-vectors to (1, 0)-vectors, and
(0, 1)-vectors to (0, 1)-vectors. We find

Proposition 2. For the indecorrgposablé quasi-symmetric domain % (8, F) we
have

Roa-8,+b-3,c -9, +d-3,)(f 93, +h-3,)
= - {1[ T, T;]f +1(a° &) o f + 2F(b, Red) + 2F(h, Ryd)} - 3,
- {RaREh + RfREb + RZF(b,d)h + RZF(h,d)b} . au,
where a, c, f € C", b, d, h € C™, and also T has been extended linearly to a
map C" — gi(n, C).
Example. For the upper half-plane again, we get (see the example in §3)
R(3,19, )3, = -39
where the origin ¢ is the point i. This is of course the well-known expression
for the curvature.
Finally we calculate the holomorphic sectional curvature, or, being no
more complicated, the bisectional curvature.
For two vectors Z, W of type (1, 0) at o with<{Z, Z >, = (W, W), = 1, the
bisectional curvature determined by the complex lines Z and W is
K(Z, W) ={(R(Z,Z)W, W), = K(W,Z)ER.
Using Lemmas 8, 9, 10 of §2 and Proposition 2 we calculate

F1d

CR(a-8,+b-3,]a-0,+b-3,)(f 3 +h-3), f 8, +h 3%
= —({3[ T, T;)f +3(a > @) o f + 2F(b, RD))
+2F(h, Rb)} - 3., f-9; g
—({R,Rzh + RiR:b + Ryppssh + Ropuppb} - 8,, 7~ 0, ),

(6)

We get
{a,- 8,,as- 3; ) =% ay* 0y, 85 0,09 +<a;,- 9, a,- 8y>°}
=32C{ay, a,»
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by using Lemma 8, 9. Also
Cao(@of)f)=<T(acf)f>=<a-f T/ =<a-fa-f,
etc., and
v, Fuy, uy)p = 2 e, F(R,uy, ) = 2{e, F(u, Ryuy) >
forv € C", 4, u, € C™. Thus (6) implies, in consequence of Lemma 10,
Proposition 3.  For the indecomposable quasi-symmetric domain ©(Q, F) the
holomorphic bisectional curvature determined by the vectors Z = a- 9, + b- 9,,
W=F-0,+h-0,atowith{Z,Z)y=<{W,W),=1lis
K(z,w)=-C{i[<aofacfy+<aca,fofy —Cacfaf>]
+4 Ree, F(R;b, Rsh)>
+2{e, F(R;h, R;h)) + 2{e, F(be, Rpb)>
+2(F(b, b), F(h, h)> + 2{F(b, k), F(h, b)>},
where C is the constant in Lemmas 9, 10 of §2.
In particular, we get
Corollary 1. For the indecomposable quasi-symmetric domain %D (R, F) the
holomorphic secliomil curvature determined by the vector Z=a-9, +
b-d,atowith{Z,Z),=lis
K(Z) = -C{i[Xa°da°ay—<acaa-a)]
+8(e, F(R;b, R;b)>
+4(F(b, b), F(b, b)>} < 0
Proof. We only have to prove the last statement. Inside { } the last term is
positive for b 7 0 since F(b, b) € © c R" and the middle term is nonnega-
tive since e, F(R;b, R;b) € © and the cone is self-dual. To calculate the first

term, we put here a = a + i with «a, B real (rather than a’, a”, in order to
avoid too many primes), and af8 = Ba instead of a © f = 8 ° @, etc. Then

(<a2 + 323 a2 + Bz> - <a2 - B27 a2 - Bz>)
+ ((a? + ,82, a? + BZ> - Q2ap, 2aﬁ>)
= 4(a?, B2 + {(a + BY, (a — B)*).

Now by [8], a> € Q for any a € R”, so here a2, B2, (« + B, (a — B? € Q.
Since Q is self-dual, the inner products between these elements are nonnega-
tive, and the corollary follows from the fact that C > 0.
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5. Symmetric domains

In this section we shall find necessary and sufficient conditions for an
indecomposable quasi-symmetric domain to by symmetric. A Riemannian
manifold is Riemannian locally symmetric if and only if VR =0, and a
complete simply connected Riemannian locally symmetric space is Rieman-
nian symmetric [4]. Now a homogeneous Siegel domain is complete and
contractible, and hence is symmetric if and only if VR = 0. So we have to
calculate VR. For this purpose, it is practical to consider cases, i.e., we
calculate (V,,R)(X, Y) where W, X, Y € T~ (D(&, F)) have components
either “along 9,” or “along 3,”.

Now (a, b) € m. induces a field with value a- 9, + b- 8, + conj at o, and
we write {a, b} for the vectora- 3, + b - 3, at 0. By using the second Bianchi
identity and the Kahlerian properties of the curvature, it is then sufficient to
calculate (V, R} X, Y)Z with the vectors W, X, Y and Z as in the following
table:

l|2t3|4|5‘6|7|8l9|10111|12
W (060600160 [(5,01](60 {0,%]0w O w]| 0w |0 wi{0w
X {a,0}{{a,0}{a, 0}|{a, 0} [{a, 0} {a, 0} {{a, 0}|{a, O} |[{a,0}|{a, O} {0, b} {0, b}
Y {c,0}|{c, 0}|{0,d}| {0, d} |{0,d}|{0,d}{{0,d}|{0, d}|{0,d}| {0, d} {0, d}[{0,d}
Z (f,03|{0, kY |{/, 0} |{£, 0} ] {0, k) [{O, R} |{ £, 0} |[{£, 0} | {0, K} [{ O,k }|(f, 0} |{O, k)

We use the following formula for VR:
(VWOR)(X’ Y)Z = VRO(X,Y)ZW - RO(X’ Y)VZW
~ RV, W, ¥)Z — Ry(X, V, W)Z,
where X, Y, Z € Ty(D(Q, F)), and W is the vector field induced by W € g.
This formula follows from the one given in the Appendix by observing that
A (W) =V, for zero torsion and W € m, and that V, W = A (W)X =0
for W &€ I. The reason why this is a more convenient expression than
(VoR)(X, Y)Z =V, {R(X,Y)Z} — R(X, Y)V,Z
—R(VyX,Y)Z - R(X,V,Y)Z,
is that in the latter we would have to know how R(X, Y)Z varies from point
to point, and also to differentiate this field. To help the reader check the
calculations, we collect here the necessary formulas, where X, Y, Z, W are as

in the above table. (Observe that W is a real field, and hence VeW =V W)
The first such formula is

(Vw,R)(X, Y)Z =V x.7)zW — Ry(X, YV, W

(1) —Ry(Vy W, Y)Z — Ry(X, V,W)Z.
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Also writing R {a, blc, d}{f, h} for R(a- 3, + b-d,Jc- 3, + d- 3 )(f 9, +
h - 3,), we have (Proposition 2 of §4)
Ry{a, bIC‘,—d}{f, h}
2) = - {3[T.. T:1f + 3(a = &) o f + 2F(b, Rid) + 2F(h, R;d),
R,R:h + RR:b + Rypparyh + Rmh,d)b}.
Further
Viay (s W) =V n({s, w} + {s,_w}) =V {s w}
= (1, 0)-component of V, x)(s, w).
Since A, (s, w)(a, b) =V, (s, w), by Proposition 1" of §3 we then have

?3) Viapy(s,w) =V -1 {a o s +2F(b, w), R,w + R,b},
(4) V{;,—b}(s’ W) = V{a,b)(sa W) .

We also use
(5) a ° F(u, v) = F(R,u, v) + F(u, R;v),
(6) Ra, s ag = RalRaz + RazRal'

Finally, it is convenient to note that from (2) we have
@) R{a,0/0,d}{f,0} =0, R{0,b|¢c,0}{0, )} =0,
and that by the Kihlerian properties of the curvature we have
(8) R{a,blc,d}{fih} =-R{c,d\a,b}{f h}.

In the table we do not have to calculate Case 1. For then all vectors are
“d,-like”, and all formulas used will be those which we have if there is no F,
i.e., if we are dealing with the tube domain D (2): Now % (RQ) is symmetric,
and hence VR = 0 in that case. For the other cases we have to apply the
method of brutal force, but the calculation is quite straightforward. The result
is that (V,, R} X, Y)Z = 0in all but the last four cases. We find:

Case 9.

"2"{0’ [RaRF(h,a') - RF(R,,h,d)] w+ [RaRF(w,d) - RF(R,w,a')]h}'

Case 12.

—41'{(F(R1.-(b’d)h, W) - F(b, Rp(w,h)d))
-+ (F(RF(h,d)b’ W) - F(h, RF(W,b)d))’ 0}.

In the final stage of the calculation of Case 9, we used the following
identity:

%) RewoyRa = Returyy = [ RaRptuoy = Rethum ]
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fora € C", u, v € C™, which we prove as follows:
R, Reuw)y + RewwyRe = R, . Fup) = Reruw)+ F(u,Ryo)

= RF(R,,u,v) + RF(u,Rav)'

Consider Case 9. The expression there is symmetric in w and h, and hence
is identically zero if and only if

(10) RaRF(h,d)h = RF(R,h,d)h’

Cases 10 and 11 give the same kind of condition.
In Case 12, the expression is symmetric in & and 4, and hence is identically
zero if and only if

(11) F(Rpp,ayb, w) = F(b, Rpw,5)d).

We claim

Lemma 1. Conditions (10) and (11) are equivalent.

Proof. First recall that 3<a, F(u, v)) = {e, F(R,u, v)) = {e, F(u, Rzv)>
for a € C*, u, v € C", where {, > is the C-bilinear extension of the inner
product on R”. Now assume (10) holds. Then

%(a, F(Rp(b,d)b, W)> = (e, F(RaRF(b,d)b’ W)>
= <e3 F(RF(Rab,d)b) W)> = %<F(Rab) d)3 F(b3 W)>
= (e, R(Rab? RF(b,w) d)> = %(a, F(b, Rf(w,b)d»

for all a, b, d, w. Hence (11) holds.

Since F,(u, v) = {e, F(u, v)> is definite, the converse calculation also
works, showing that (11) implies (10). g.e.d.

Without loss of generality we can restrict ¢ in (10) to be in R” and get

Theorem 1. An indecomposable quasi-symmetric domain D (R, F) is sym-
metric if and only if the following equivalent conditions hold:

@) R, Rrpap = Rpgpap, Ya ER, VL, d 7,

(ii) F(Rpgp a)b, w) = F(b, Ry, ,d), Vb, d,w € C™.

Remark. This theorem was proved algebraically by Satake (with condition
(ii). Observe that his F is conjugate to our F. See [8]). His statement is
somewhat stronger, since he does not suppose that %D (R, f) is indecomposable
and quasi-symmetric. He states that symmetry < quasi-symmetry +
condition (ii).

Appendix
We prove the formula for VR, or more generally, for Va, where a is any
G-invariant tensor on G/ K.
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Propesition. Ler M = G/K be a reductive homogeneous space with respect
to the decomposition g = t + m of the Lie algebra of G, t being the Lie algebra
of K, and let A : m X m—>m be an invariant connection on M. If a is any
G-invariant tensor on M of type (r, ), then

(Vi o)Xy, -+ -, X) = Ay(W)a(Xy, - - -, X))
s
- 2 a(Xl,. - ,Am(W))(j,' .. ’XS) Em®’,
i=1
where o is the origin K of M, W, X, - - , X, €em=TM, a(X,,- - -, X,) €

m®, and A (W) € End(m®*) is defined as A (W)®id® - - ®id
+ o +id® - - - Bid ® A (W) for s > 0and as zero for s = 0.
Proof. We prove this in the case r = 1, the more general case being just

notationally more complicated. Let W, X,,- - -, X, also denote the fields
generated by these elements of m. Then
(Vo )Xy - - - X) =V {aX),- - -, X))
_jgsl aO(Xl" .. waj, .. ,XJ).
Now

Vo =Ty, W+ T(W, X) + [ W, K], = A (% +[ W, 5],

where T is the torsion [4, pp. 188—191]. Similarly,
Vwo{a(Xv LX) = A(Wa(X LX) H [ W (X, - ,Xs)]o.

So we get the formula stated plus
[WsaXp, - X))o = Zjay X - - - [WX/] LX),

However, if Ly, is the Lie derivative, then

[W’ a(Xl’ tt ’X:)] = LW{a(Xl’ e ’Xs)}
= (Lya)(X,,- - -, X,)
3 Xy LKy, X))
=1
= é "‘(Xp""[W,Xj]"“,X,),

j=1

by the invariance of a.
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Corollary. In the above situation, for the curvature R and the torsion T we
have

1) (VWOR)(X, Y)= [Am(W), Ry(X, Y)] ~ Ry(A (W)X, Y)
— R(X, A(W)Y) € End m,

() (Vw,T)X, ¥) = An(W)T(X, Y) = T(AL(W)X, Y)
~T(X, A(W)Y) €Em.

Proof. Applying (i) to Z € m, we have a term Ry(X, YA (W)Z in the
above commutator, and this term comes from the sum in the proposition.
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